I. INTRODUCTION.-Phase t r a n s i t i o n s i n condensed matter o f t e n involve p h y s i c a l p r o p e r t i e s t h a t couple w e l l t o p a r t i c l e displacements a s s o c i a t e d with propagating s t r e s s o r p r e s s u r e waves and can thus be s t u d i e d e f f e c t i v e l y by u l t r a s o n i c means.
In p a r t i c u l a r , f o r second o r d e r t r a n s i t i o n s t h e s e p r o p e r t i e s undergo so-called c r i ti c a l changes which a r e d i r e c t l y r e f l e c t e d i n a t t e n u a t i o n and v e l o c i t y changes. Measurements of t h e s e changes, t o g e t h e r w i t h s e v e r a l o t h e r t e c h n i q u e s , f o r example, o p t i c a l and neutron s c a t t e r i n g , have played a very important r o l e i n developing t h e modern understanding o f phase t r a n s i t i o n s .
I n t h e case of f i r s t -o r d e r phase t r a n s i t i o n s u l t r a s o n i c s t u d i e s have been usef u l t o t h e e x t e n t of demonstrating t h e r a t h e r abrupt ( e s s e n t i a l l y discontinuous^ change o f e l a s t i c p r o p e r t i e s a t t h e t r a n s i t i o n temperature. Examples o f t h e s e a r e t h e e s s e n t i a l disappearance of s h e a r s t i f f n e s s when going from a s o l i d t o a l i q u i d , o r t h e abrupt change i n wave v e l o c i t i e s a s s o c i a t e d with c e r t a i n s o l i d -s o l i d ( f i r s to r d e r ) t r a n s i t i o n s .
To-date, however, t h e r e appears t o be l i t t l e information obt a i n e d by u l t r a s o n i c means on t h e microscopic f e a t u r e s o f f i r s t -o r d e r t r a n s i t i o n s .
The s i t u a t i o n is q u i t e d i f f e r e n t f o r t h e case of second o r d e r t r a n s i t i o n s . In t h e s e cases t h e new phase grows continuously from t h e o l d one s o t h a t many of t h e p h y s i c a l p r o p e r t i e s change g r a d u a l l y on approaching t h e t r a n s i t i o n ( c r i t i c a l ) temp e r a t u r e , T ( o r p r e s s u r e , PC) and i n t h e c l o s e v i c i n i t y of t h e t r a n s i t i o n they d i splay s i n g u l a r ( c r i t i c a l ) p r o p e r t i e s . The d i v e r g i n g c o m p r e s s i b i l i t y of a f l u i d , SUSc e p t i b i l i t y of a magnet, d i e l e c t r i c constant of a f e r r o e l e c t r i c , e t c . , a l l a r i s e from t h e cooperative p a r t i c i p a t i o n of l a r g e numbers of p a r t i c l e s i n chaneing t h e macroscopically measurable p r o p e r t i e s of t h e m a t e r i a l . An important aspect of t h e s e phenomena i s , of course, t h a t t h e s i n g u l a r behavior of t h e s e p r o p e r t i e s i s not only
q u a l i t a t i v e l y s i m i l a r , but o f t e n q u a n t i t a t i v e l y i d e n t i c a l . Moreover, they o f t e n Article published online by EDP Sciences and available at http://dx.doi.org/10.1051/jphyscol:19815133 JOURNAL DE PHYSIQUE l e a d t o corresponding changes i n u l t r a s o n i c a t t e n u a t i o n and v e l o c i t y near t o and on both s i d e s of t h e c r i t i c a l temperature. There a r e , however, wide v a r i a t i o n s from one system t o another i h t h e range of temperatures near Tc over which t h e s e changes t a k e p l a c e .
I n a second o r d e r phase t r a n s i t i o n u s u a l l y a t l e a s t one of t:?e phases i s chara c t e r i z e d by t h e development o f long-range order i n some p h y s i c a l property. A convenient example of t h i s i s a ferromagnetically ordered phase, which i s c h a r a c t e r i z e d by macroscopic magnetization which grows from zero a t T t o a f i n i t e value a t absol u t e z e r o , corresponding t o complete order of t h e s p i n s . Such a property may be used a s a quantita1;ive measure of t h e development of t h e new phase and i s c a l l e d t h e order parameter, designated h e r e by $. The o r d e r parameter i s by d e f i n i t i o n zero on one s i d e of t h e t r a n s i t i o n and nonzero on t h e o t h e r s i d e . There can b e , of c o u r s e , second o r d e r t r a n s i t i o n s between two ordered s t a t e s ; t h e r e a r e then two o r d e r parame t e r s , one of which goes t o zero a s T i s approached from e i t h e r s i d e . It i s convenient t o r e l a t e h e r e t h e n a t u r e of t h e t r a n s i t i o n t o t h e manner i n which t h e o r d e r p a r m e t e r changes. I f t h e o r d e r parameter i n c r e a s e s continuously from zero i n t h e new phase, t h e t r a n s i t i o n i s s a i d t o be second o r d e r , i f d i s c o n t i n u o u s l y , it i s s a i d t o be f i r s t o r d e r .
The appearance of o r d e r can a l s o be considered as breaking of a symmetry.
(Breaking o f a symmetry can be l o o s e l y defined a s a reduction o f symmetry, o r reduct i o n i n t h e m u l t i p l i c i t y o f , f o r example, geometrically equivalent configurationss t a t e s ) . I n t h e language of group t h e o r y , t h e ordered ( o r lower symmetry) phase i s then viewed a s a subgroup of t h e parent ( o r higher symmetry) phase, with t h e reduced s e t of symmetry o p e r a t i o n s being represented by t h e o r d e r parameter. I n g e n e r a l , t h e o r d e r parameter has t h e c h a r a c t e r of a multicomponent t e n s o r , whose complexity i s r e l a t e d t o t h e minimum number of components,n, needed t o s p e c i f y it completely.
I n some cases ( e . g . c o m p r e s s i b i l i t y o f a simple f l u i d ) t h e o r d e r parameter reduces t o a one-component s c a l a r q u a n t i t y .
a . Mean F i e l d Theory
The s i m p l e s t description o f t h e cooperative i n t e r~c t i o n s which r e s u l t i n order- by t h e o r d e r i n g of s p i n s i n a magnetic t r a n s i t i o n . It i s based on t h e assumption t h a t t h e o r d e r parameter (and i t s temperature depenaence) can be c a l c u l a t e d from i t s response t o t h e local (mean) f i e l d generated by t h e average c o n f i g u r a t i o n of a l l t h e o t h e r s p i n s . I n t h i s approach f l u c t u a t i o n s , i . e . d e v i a t i o n s from t h i s mean v a l u e , a r e not considered. Mean f i e l d theory includes most of t h e b a s i c concepts and e n t it i e s ( o r d e r parameter, c o r r e l a t i o n l e n g t h , c r i t i c a l exponents) involved i n t h e treatment o f phase t r a n s i t i o n s , but i t s n e g l e c t o f f l u c t u a t i o n s l e a d s t o q u a n t i t at i v e l y and sometimes even q u a l i t a t i v e l y i n c o r r e c t r e s u l t s . It i s a l s o i n t e r e s t i n g t o note t h a t because o f t h e absence o f f l u c t u a t i o n e f f e c t s , i n t h e mean f i e l d approach a l l second o r d e r phase t r a n s i t i o n s have t h e same s e t of c r i t i c a l exponents d e f i n i n g t h e form of divergence o f t h e p h y s i c a l parameters i n terms of t h e reduced temperature E = CT-T~) / T~ 173.
I n t h e context o f mean f i e l d theory. it is customary, following Landau, t o repr e s e n t t h e f r e e energy of a system near t h e t r a n s i t i o n temperature T a s a power s e r i e s expansion i n terms of t h e o r d e r parameter JI. 'l'he c o e f f i c i e n t s of t h e various powers of $ a r e a n a l y t i c functions of T-T (where T i s t h e t e m p e r a t u r e ) . Minimizat i o n of t h i s f r e e energy y i e l d s r e l a t i o n s which show t h a t on approaching T t h e order parameter vanishes as a power lag of t h e reduced temperature, E E (T-Tc) /Tc, i . e . JI = constant J E I@, where 0 is c a l l e d t h e c r i t i c a l exponent f o r t h e o r d e r parame t e r . S i m i l a r l y , zany o t h e r important p h y s i c a l q u a n t i t i e s vary according t o a power law o f c , a s E tends t o zero. Each o f t h e s e q u a n t i t i e s is c h a r a c t e r i z e d by i t s o m value of t h e c r i t i c a l exponent. Thus, f o r example, i n mean f i e l d theory t h e value of 6 i s 0 . 5 ; t h e c r i t i c a l exponent, y , f o r t h e power law d e s c r i b i n g t h e divergence of magnetic s u s c e p t i b i l i t y , X, is y = l , e t c .
Another important e n t i t y i n t h e study of phase t r a n s i t i o n s i s t h e space ( r ) and time ( t ) dependent c o r r e l a t i o n f u n c t i o n g ( r , t ) of t h e o r d e r parameter g ( r , t ) = < + ( r -r ' , t -t ' ) JI ( r l , t ' ) >
This equation i n d i c a t e s t h e p r o b a b i l i t y of t h e v a l u e of t h e o r d e r parameter a t a given l o c a t i o n , say r'-r and time t ' -t , i f it had a s p e c i f i e d v a l u e a t l o c a t i o n r ' and time t ' . Most o f t e n a t t e n t i o n i s d i r e c t e d t o t h e equal time c o r r e l a t i o n funct i o n , g ( r ,~) , which simply i n d i c a t e s t h e c o r r e l a t i o n of t h e o r d e r parameter i n space. A common assumption i s t h a t t h e g ( r )
decays exponentially wi;h d i s t a n c e , a t l e a s t f o r d i s t a n c e s i n excess of s e v e r a l i n t e r p a r t i c l e spacings. Thus where g g i v e s t h e v a l u e of $ a t t h e l o c a t i o n chosen as t h e o r i g i n , and 5 i s t h e c o r r e l a t i o n l e n g t h . 5 a l s o diverges near Tc according t o a power law of E ,
, and i n mean f i e l d theory t h e c r i t i c a l exponent v has t h e value 0.5.
In r e c e n t y e a r s t h e r e have been many important developments beyond mean f i e l d t h e o r y . Among t h e s e t h e most important have been: s c a l i n g , u n i v e r s a l i t y c l a s s e s 4 and renormalization group approaches .
b. S c a l i n g Hypothesis
The s c a l i n g hypothesis y i e l d s s p e c i f i c r e l a t i o n s among various c r i t i c a l exponents.
It t h u s permits t h e determination of t h e values of some of t h e s e exponents
when o t h e r s a r e known f o r t h e same system. The s c a l i n g r e l a t i o n s among t n e various exponents follow from t h e hypothesis t h a t t h e f r e e e n e r m and c o r r e l a t i o n f u n c t
i o n f o r t h e o r d e r parameter a r e homogeneous f u n c t i o n s of thermodynamic v a r i a b l e s t h a t can be s c a l e d i n terms o f a c h a r a c t e r i s t i c l e n g t h , which may be t h e c o r r e l a t i o n l e n g t h defined above. I t should be noted t h a t s c a l i n g r e l a t i o n s among some of t h e c r i t i c a l exponents a r e found experimentally t o be s a t i s f i e d , even when t h e individ-
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The hypothesis of u n i v e r s a l i t y c l a s s e s r e p l a c e s t h e g e n e r a l u n i v e r s a l i t y o f mean f i e l d t h e o r y , mentioned p r e v i o u s l y . Thus systems e x h i b i t i n g t h e same c r i t i c a l behavior a r e s a i d t o belong t o t h e same u n i v e r s a l i t y c l a s s . Such u n i v e r s a l i t y c l a s s e s a r e d e f i n e d i n terms o f t h e symmetry p r o p e r t i e s of t h e Iiamiltonian f o r t h e system, e s p e c i a l l y t h e powers of $, t h e dimensionality of space d , and t h e number, n , of components of I). I n p a r t i c u l a r , according t o t h e u n i v e r s a l i t y c l a s s hypothe s i s changes i n t h e Hamiltonian t h a t do not a l t e r i t s symmetry do not a l t e r t h e c r i t i c a l behavior o f t h e system. The most r e l e v a n t example of t h i s p r o p e r t y , f o r subsequent c o n s i d e r a t i o n s , i s t h e s u p e r f l u i d t r a n s i t i o n i n l i q u i d helium, whose c r i t i c a l exponents should not depend on p r e s s u r e .
c . Renormalization Group Approach
The renormalization group approach, introduced by wilson5, i s c h a r a c t e r i z e d by a number of f e a t u r e s of varying l e v e l s of a b s t r a c t i o n . From t h e experimental p o i n t of view, probably t h e most important f e a t u r e , o r a t l e a s t t h e one most d i r e c t l y amenable t o comparisons with experimental r e s u l t s , i s t h e so-called marginal dimen-
This f e a t u r e , t o g e t h e r with t h e dimensionality o f s p a c e , d , m.d t h e number of components, n , of t h e o r d e r parameter, a r e used t o c h a r a c t e r i z e t h e t r a ns i t i o n . I n p a r t i c u l a r , t h e s i g n i f i c a n c e of d* emerges i n t h a t it permits one t o 6 a s s e s s t h e importance of f l u c t u a t i o n s . I n t h i s c o n t e x t , t o s t a r t with,one uses t h e
Ginzburg c r i t e r i o n 7 , which s t a t e s i n essence t h a t f o r mean f i e l d theory t o remain v a l i d below Tc, t h e f l u c t u a t i o n s 641, i n I $ must remain s m a l l compared t o i t s mean value Jlo, i. e .
where t h e averages a r e t a k e n over t h e volume V over which t h e f l u c t u a t i o n s a r e cord r e l a t e d ( i n t h e s i m p l e s t case V ?. 5 ) . Further a n a l y s For s t r o n g l y a n i s o t r o p i c systems ( e . g . some magnetic systems, l i q u i d c r y s t a l s , e t c . ) d+m d
i s of t h i s c r i t e r i o n l e a d s t o t h e conclusion t h a t t h e n e g l e c t of f l u c t u a t i o n s i n mean
t h e volume V v a r i e s a s 5 r a t h e r t h a n F, . When m > 0 , t h e c o r r e l a t i o n volume grows more r a p i d l y than Sd and t h e f l u c t u a t i o n e f f e c t s a r e averaged over a l a r g e r volume, t h u s playing a diminished r o l e . This i n t u r n means t h a t mean f i e l d t h e o r y becomes a b e t t e r approximation. I n p a r t i c u l a r , when m > 1, d* < 3 and one reaches t h e region of r e a l p h y s i c a l systems t h a t a r e expected t o behave i n accordance with mean f i e l d t h e o r y p r e d i c t i o n s . The l a r g e r d* i s r e l a t i v e t o t h e a c t u a l dimension- 11. ULTRASONIC STUDIES.-As mentioned p r e v i o u s l y , u l t r a s o n i c methods have been ext e n s i v e l y used t o s t u d y c r i t i c a l phenomena ( f o r an e a r l i e r review s e e r e f . 8).
While v a r i o u s systems have been i n v e s t i g a t e d , t h i s a r t i c l e i s l i m i t e d t o t h e c a s e o f
t h e X -t r a n s i t i o n ir. l i q u i d heli~m-14. The choice i s
o n i s given of t h e behavior of sound v e l o c i t y and a t t e n u a t i o n changes n e a r ( b o t h above and below) t h e t r a n s i t i o n t e m p e r a t u r e , 9--14. C i s given t o a very good approximation by P ' 2 where a = (v3 T 12 v~) (~s /~P )~, b and c a r e c o n s t a n t s , and t h e s u b s c r i p t A desig-A X n a t e s v a l u e s a t t h e h temperature. Thus t h e s p e c i f i c h e a t , C e s p e c i a l l y i t s P ' s h a r p i n c r e a s e n e a r Ti, l a r g e l y determines t h e b e h a v i o r o f t h e sound v e l o c i t y around t h e t r a n s i t i o n . At non-zero f r e q u e n c i e s t h e v e l o c i t y becomes frequency dep e n d e n t , w h i l e a t t h e same time t h e sound a t t e n u a t i o n i n c r e a s e s s h a r p l y . This gene r a l behavior h a s been i n t e r p r e t e d i n terms of two p r o c e s s e s , namely o r d e r parame t e r r e l a x a t i o n and o r d e r parameter f l u c t u a t i o n s .
a. Order Parameter Relaxation
The r e l a
x a t i o n occurs only below TX where t h e time average of t h e o r d e r parame t e r , which i s r e l a t e d t o t h e s u p e r f l u i d d e n s i t y , p s i s nonzero. T h i s process I s b e s t d e s c r i b e d i n terms o f a r e l a x a t i o n t i m e , T~, which i s needed by t h e s u p e r f l u i d d e n s i t y , p s , t o r e t u r n t o e q u i l i b r i u m a f t e r b e i n g d i s t u r b e d by t h e passage of a
p r e s s u r e wave. The time i n c r e a s e s s t r o n g l y a s T -t TA, i . e . slowing down of t h e r e l a x a t i o n p r o c e s s occurs.
Ia general., i f an o r d e r parameter i s d i s t u r b e d from i t s e q u i l i b r i u m v a l u e and it r e t u r n s t o e q u i l i b r i u m by e x p o n e n t i a l decay i n t i m e , w i t h
a s i n g l e r e l a x a t i o n time ( T~ i n t h i s c a s e ) t h e r e s u l t i n g a t t e n u a t i o n , a R , and v e l o c i t y change, AvR, a r e given by t h e u s u a l e x p r e s s i o n s where ( 9 ) comes mainly from F (w.cF), s o t h a t i f one ne-F g l e c t s t h e weak temperature dependence of t h e o t h e r f a c t o r s , which w i l l be incorp o r a t e d i n CF, % can be w r i t t e n a s S i m i l a r l y , t h e v e l o c i t y change, AvF, can be w r i t t e n a s where t h e weak temperature dependence of GF i s neglected a s i n t h e c a s e of C F i n eq. (111, and f (wrF) approaches a constant value a s W T~ + -.
r e r e s p e c t i v e l y t h e sound v e l o c i t i e s a t very high and very low frequenc i e s , and v2 is t h e v e l o c i t y of sound sound. The challenge t o theory i s t o calcul a t e t h e c r i t i c a l i n d i c e s v and w ( o r x ) ; to-date, however, t h e r e does not seem t o be a comprehensive t h e o r e t i c a l d e s c r i p t i o n of t h e u l t r a s o n i c a t t e n u a t i o n and veloc
n c o r p o r a t e s t h e thermodynamic parameters t h a t appear i n eq. ( 5 1 , which a r e t o be taken a t t h e A-transition l i n e . As can be seen from t h e above express i o n s , t h e a t t e n u a t i o n and v e l o c i t y change tend t o zero a t Th, where T~ tends t o i n f i n i t y . b. Order Parameter F l u c t u a t i o n s As t h e s u p e r f l u i d t r a n s i t i o n , i . e . Ti, i s approached from e i t h e r above ( t h e normal phase) o r below ( t h e s u p e r f l u i d phase) f l u c t u a t i o n s occur i n t h e o r d e r parameter. These f l u c t u a t i o n s couple t o sound waves, causing t h e bulk v i s c o s i t y of t h e f l u i d t o become l a r g e as t h e t r a n s j t i o n i s approached. I n g e n e r a l , t h e c h a r a c t e r i s t i c l i f e t i m e , r F , of t h e s u p e r f l u i d o r d e r parameter diverges a s T + TA. For a given u l t r a s o n i c frequency, w, however, one may always expect t h a t f l u c t ua t i o n s w i l l e x i s t w i t h a l i f e t i m e T s h o r t e r than T~, SO t h a t WT 1. The c o n t r ib u t i o n of t h e s e f l u c t u a t i o n s causes t h e a t t e n u a t i o n t o t e n d t o a f i n i t e value as T + TA. It i s a l s o expected t h a t c o n t r i b u t i o n s o f f l u c t u a t i o n s a r e about equal on both s i d e s o f t h e t r a n s i t i o n , s o t h a t T~ is roughly symmetric about T A , t h u s On t h e b a s i s of s c a l i n g and mode-mode coupling i d e a s f o r t h e i n t e r a c t i o n of a sound wave w i t h o r d e r parameter f l u c t u a t i o n s t h e following form f o r t h e a t t e n u a t i o n s a p
F In t h e hydrodynamic l i m i t (wrF << l ) , one expects t h e a t t e n u a t i o n and v e l o c i t y change t o be described i n terms of hydrodynamic t r a n s p o r t c o e f f i c i e n t s such as t h e bulk and s h e a r v i s c o s i t i e s , and t h e thermal c o n d u c t i v i t y . In t h i s l i m i t aF and bv should be p r o p o r t i o n a l t o w2 and u3I2, r e s p e c t i v e l y . In o r d e r t o f u l f i l l t h e s e F frequency dependences, FF and fF have t o s a t i s f y t h e conditions
f o r W T~ << 1. The v a r i o u s p r e d i c t i o n s discussed h e r e have been l a r g e l y v e r i f i e d i n experimental studies9-14.
NONLINEAR EFFECTS.-The preceding d i s u c s s i o n has been l i m i t e d t o t h e soc a l l e d l i n e a r o r harmonic regime of wave propagation, based on t h e premise t h a t displacement, f o r s o l i d s , ( o r d e n s i t y change, f o r f l u i d s , ) i s p r o p o r t i o n a l t o t h e a p p l i e d s t r e s s ( o r p r e s s u r e ) and c h a r a c t e r i z e d by amplitude independent attenuat i o n and v e l o c i t y . Correspondingly, experimental u l t r a s o n i c s t u d i e s of phase
t r a n s i t i o n s i n g e n e r a l , and of t h e X ( s u p e r f l u i d ) t r a n s i t i o n of helium i n p a r t i c ul a r , have been conducted, i n t h e p a s t , i n t h e l i n e a r regime.
I n r e a l i t y , t h e l i n e a r o r harmonic r e p r e s e n t a t i o n i s only an approximation and g e n e r a l l y condensed m a t t e r d i s p l a y s varying degrees o f departure from proport i o n a l i t y between f o r c e and displacement ( p r e s s u r e and d e n s i t y ) when t h e f o r c e o r p r e s s u r e become s u f f i c i e n t l y l a r g e . Such d e p a r t u r e s a r e a l s o described a s t h e anharmonicity of t h e medium.
When a s i n u s o i d a l u l t r a s o n i c wave of a given frequency and of s u f f i c i e n t amp l i t u d e i s introduced i n t o a nonlinear o r anharmonic medium, t h e fundamental wave
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frequency w i l l be generated. I n a most g e n e r a l (phenomenological) d e s c r i p t i o n , t h e anharmonicity of t h e medium i s due t o t h e presence of powers of displacement o r d e n s i t y terms h i g h e r than second i n t h e expression f o r t h e binding energy. As t h e s e terms a r e u s u a l l y small compared t o t h e q u a d r a t i c (harmonic) ones, it i s customary t o r e p r e s e n t t h e energy as a power s e r i e s expansion of t h e displacements o r d e n s i t y changes. S i m i l a r l y , f o r purposes of d i s c u s s i n g wave propagation,
one r e p r e s e n t s t h e f o r c e o r g e s s u r e a s a power s e r i e s o f displacement o r d e n s i t y changes, r e s p e c t i v e l y .
For f l u i d s i n g e n e r a l , and i n t h i s case f o r t h e h -t r a n s i t i o n of l i q u i d helium, i t i s convenient t o d e f i n e t h e p r e s s u r e a s where Pe i s t h e p r e s s u r e change due t o t h e a c o u s t i c wave, p i s t h e d e n s i t y of t h e undisturbed medium, Ap = p -p o i s t h e d e n s i t y change induced by Pe, A and B a r e temperature dependent c o e f f i c i e n t s . The corresponding nonlinear wave equation can be expressed as17y18 where u i s t h e displacement, A and B a r e t h e c o e f f i c i e n t s from eq. ( 1 5 ) . Express i o n s ( 1 5 ) and ( 1 6 ) a r e derived i n t h e s p i r i t of a phenomenological, continuum t r e a t m e n t . I n t h i s sense they can a l s o be thought o f a s a p p l i c a b l e i n t h e hydrodynamic l i m i t , i . e . f o r w7 << 1, o r e q u i v a l e n t l y qc << 1, where q i s t h e wave numb e r of t h e (fundamental) u l t r a s o n i c wave and 5 i s t h e c o r r e l a t i o n l e n g t h o f t h e f l u c t u a t i o n s . Continuing i n t h e same s p i r i t , when an i n i t i a l l y plane s i n u s o i d a l wave of amplitude u and frequency wl i s generated a t p o s i t i o n x=O of t h e nonlin-130 e a r medium t o which eq. ( 1 6 ) a p p l i e s , t h e amplitude of t h e second harmonic, u2, a t propagation d i s t a n c e x , i n a d i s s i p a t i v e medium, may be approximated by 1 1
Here C = t ( 1 + ; i B/A) i s t h e coupling c o e f f i c i e n t between t h e fundamental wave and t h e second harmonic, k i s t h e wave v e c t o r , al and a2 a r e e f f e c t i v e a t t e n u a t i o n c o e f f i c i e n t s of u l t r a s o n i c waves a t frequencies wl and w2 ( = 2w1, r e s p e c t i v e l y .
Thus i f t h e values of u2, u = u~,~ e-alX, al and a2 a r e determined experimentally, one can deduce from eq. ( 1 7 ) t h e coupling c o e f f i c i e n t C . I n terms of a hydrodynemi c r e p r e s e n t a t i o n t h e q u a n t i t y B/2A, t o be used f o r determining C , can be w r i t t e n a s where 6 is t h e thermal expansion c o e f f i c i e n t and t h e o t h e r symbols were previously defined.
While t h e X t r a n s i t i o n o f helium h a s been t h e s u b j e c t of many t h e o r e t i c a l and experimental s t u h i e s , t h e behavior of anharmonic terms i n energy o r p o t e n t i a l , which a r e r e s p o n s i b l e f o r phonon-phonon coupling, has not been i n v e s t i g a t e d d i r e c t l y near TX. -4. study of t h i s behavior has been conducted recently19 and it revealed s t a rt l i n g r e s u l t s . In t h i s study measurements were c a r r i e d out of t h e amplitude u 2 Of second harmonics of a l o n g i t u d i n a l u l t r a s o n i c wave generated i n p r e s s u r i z e d l i q u i d helium near t h e A-transition.
The r e s u l t s were processed using eq. ( 1 7 ) t o o b t a i n t h e behavior of t h e anharmonic coupling c o e f f i c i e n t , C , (which r e p r e s e n t s t h e nonl i n e a r i t y of t h e system) near t h e c r i t i c a l r e g i o n . The p r e s s u r e and temperature -4
ranges covered i n t h i s study were 10 atm. 2 P 7 25 atm. and 5 x 1 0 5 1c1 5 5 x r e s p e c t i v e l y , where r = T/TA -1. R e l a t i v e values of C obtained experimentally a r e shown a s a f u n c t i o n of tempera t u r e i n F i g . 1 and F i g . 2 . The C(c,P) were normalized a g a i n s t C(e ,P) where e was 2 chosen a r b i t r a r i l y t o be c = ( T -T )/T = -3 x 10-. As s e e n , C(c ,P) i n c r e a s e s 0 A X r a p i d l y a s temperature approaches t h e t r a n s i t i o n . In t h e temperature range -1 1 r 1 ; 2 x C ( E ) ( F i g . 2 ) v a r i e s approximately a s 1 e 1 . Both above and below
Ti, C(E ,p) / c ( E~, P ) depends s l i g h t l y on p r e s s u r e .
S u b s t i t u t i o n i n t o eq. ( 1 8 ) of t h e various parameters, measured a t values of E corresponding t o those of our measurements of second harmonics, does not y i e l d values of B/2A which reproduce t h e observed behavior of t h e coupling c o e f f i c i e n t C.
Indeed, a t ( c ( % 3 x lc4, which i s t h e lowest value of E a t t a i n e d i n t h e s e experiments, t h e experimental v a l u e s o f C ( E ) / C ( E~} a r e about t e n times l a r g e r than t h e c a l c u l a t e d ones ( s e e Fig. 2 ) . C l e a r l y , C tends t o even h i g h e r values as E decreases f u r t h e r , t h e v a r i a t i o n being 2. 1e 1-l. These f i n d i n g s a r e p a r t i c u l a r l y s u r p r i s i n g , s i n c e a l l t h e measurements were c a r r i e d out i n t h e hydrodynamic regime ( q < << 1 1 , where agreement with eq. ( 1 8 ) i s expected. It t h u s appears t h a t near t h e helium At r a n s i t i o n , and perhaps near o t h e r phase t r a n s i t i o n s , it i s not p o s s i b l e t o i n t e rp r e t anharmonic coupling i n terms of t r a d i t i o n a l hydroaynamics, as expressed by eq.
(
8 ) . Since t h i s equation i s v a l i d faraway from a t r a n s i t i o n , t h e observed d i screpancy i s a t t r i b u t e d t o t h e presence of o r d e r parameter f l u c t u a t i o n s near T A '
A simple model has been proposed19 t o account f o r t h e observed behavior of C .
A c a l c u l a t i o n based on t h i s model y i e l d s f o r t h e q u a n t i t y B/A ( s e e eq. 1 8 ) .
I n t h i s expression K i s t h e c o m p r e s s i b i l i t y ; t h e thermal expansion c o e f f i c i e n t , 6, i s assumed t o c o n s i s t of a n o n c r i t i c a l and a c r i t i c a l component, and 6' is t h e c r i t i c a l component; -a i s t h e r e c i p r o c a l of t h e s l o p e of t h e X-line i n t h e (P-T) phase diagram of helium-b; T i s t h e t r a n s i t i o n temperature a t a given p r e s s u r e . A Values of t h e coupling c o e f f i c i e n t C c a l c u l a t e d a t various pressures using B/A from JOURNAL DE PHYSIQUE F i g . 1. Temperature dependence of cou;lling c o e f f i c i e n t s f a r t h e press u r e s 1 0 , 20, and 25 atm. The d a t a were normalized t o t h e values a t E O = -3 X los. eq. (19) a r e shown i n F i g . 2 . As can be seen, t h e temperature v a r i a t i o n ( s l o p e of l i n e s ) of t h e c a l c u l a t e d r e s u l t s agrees very w e l l with t h e experimental d a t a f o r both T < T and T > TA. The a c t u a l values c a l c u l a t e d f o r C a r e i n good agreement h with experimental d a t a f o r T < TA and somewhat l a r g e r t h a n t h e l a t t e r f o r T > T A '
The d i f f e r e n c e might be due t o t h e "step" i n t h e d a t a a t t h e temperature f o r which 6 = 0 (T > T~) , v i s i b l e around E : : 0.035 i n F i g . 1.
It i s t h u s seen t h a t t h e coupling c o e f f i c i e n t , C , which r e p r e s e n t s t h e nonl i n e a r i t y of t h e medium, has been found t o diverge a s I. I c ( -l near T A . Therefore, i n any attempt a t a proper understanding of such f e a t u r e s a s u l t r a s o n i c propagation 4 n e w t h e A-transition o f He, t h e n o n l i n e a r terms should be taken i n t o account.
A phenomenological expression f o r C , which i s derived on t h e b a s i s of a proposed model19, i s i n good agreement with t h e experimental r e s u l t s .
SUMMARY.-An overview was p r e s e n t e d of g e n e r a l phenomena a s s o c i a t e d w i t h second o r d e r phase t r a n s i t i o n s i n v a r i o u s systems. Representations o f t h e s e phenomena based on mean f i e l d t h e o r y , s c a l i n g and u n i v e r s a l i t y hypotheses, as w e l l a s on t h e r e n o r m a l i z a t i o n group approach were b r i e f l y mentioned. Against t h i s background, u l t r a s o n i c s t u d i e s were d i s c u s s e d i n r e l a t i o n t o t h e A -t r a n s i t i o n i n l i q u i d h e l ium-4. U l t r a s o n i c a t t e n u a t i o n and v e l o c i t y changes near t h e A -t r a n s i t i o n , due t o o r d e r parameter r e l a x a t i o n a s w e l l a s o r d e r parameter f l u c t u a t i o n s , were b r i e f l y reviewed. It was p o i n t e d o u t t h a t a.t t h i s time t h e r e does not appear t o be a comprehensive t h e o r y , on a microscopic l e v e l , f o r such e n t i t i e s a s cri:ical exponents governing t h e behavior o f u l t r a s o n i c a t t e n u a t i o n and v e l o c i t y changes near a second o r d e r phase t r a n s i t i o n i n g e n e r a l , and t h e A-transition i n helium i n p a r t i c u l a r .
The values o f such exponents o b t a i n e d e x p e r i m e n t a l l y must, t h e r e f o r e , be considered a s e f f e c t i v e v a l u e s .
As an e x t e n s i o n of u l t r a s o n i c s t u d i e s i n t h e l i n e a r regime, anharmonic propert i e s n e a r phase t r a n s i t i o n s were d i s c u s s e d a t some l e n g t h . I n p a r t i c u l a r , r e c e n t r e s u l t s were reviewed on t h e behavior o f t h e coupling c o e f f i c i e n t , C , between a f i ndamental wave and i t s (anharmonically) generated second harmonic. It was p o i n t e d o u t t h a t C d i v e r g e s a s 1 , 1-1 when T + T A , and t h a t t h e v a l u e s o f C n e a r TA a r e con--4 s i d e r a b l y l a r g e r ( % a f a c t o r o f 1 0 f o r I c / ?. 3 x 1 0 ) t h a n t h o s e d e r i v e d from t r ad i t i o n a l , hydrodynamic e x p r e s s i o n s f o r t h i s coupling. C a l c u l a t i o n s of C based on a macroscopic model a r e i n agreement w i t h t h e experimental r e s u l t s , however, a micros c o p i c understanding o f t h e observed behavior is l a c k i n g .
